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Two-dimensional discrete dislocation plasticity simulations of the evolution of
thermal stress in single crystal thin ﬁlms on a rigid substrate are used to study size
eﬀects. The relation between the residual stress and the dislocation structure in
the ﬁlms after cooling is analyzed using dislocation dynamics. A boundary layer
characterized by a high stress gradient and a high dislocation density is found
close to the impenetrable ﬁlm-substrate interface. There is a material-dependent
threshold ﬁlm thickness above which the dislocation density together with the
boundary layer thickness and stress state are independent of ﬁlm thickness. In
such ﬁlms the stress outside the boundary layer is on average very low, so that
the ﬁlm-thickness-independent boundary layer is responsible for the size eﬀect.
A larger size eﬀect is found for ﬁlms thinner than the threshold thickness. The
origin of this size eﬀect stems from nucleation activity being hindered by the
geometrical constraint of the small ﬁlm thickness, so that by decreasing ﬁlm
thickness, the dislocation density decreases while the stress in the ﬁlm increases.
The size dependence is only described by a Hall–Petch type relation for ﬁlms
thicker than the threshold value.
1. Introduction
Even though it is widely accepted that thin ﬁlm hardening is thickness dependent
(e.g. Arzt [1]), a universal scaling law to describe the phenomenon has not yet been
found. Many authors propose to use a Hall–Petch type relation, with the grain size
replaced by the ﬁlm thickness h. The exponent of h, however, is unknown. What has
often been proposed is that the ﬁlm strength scales inversely with the ﬁlm thickness
[2–5], but experiments are not conclusive. An important reason for variations in
scaling is that the response is sensitive to the eﬀectiveness of the interface in blocking
slip and to the stiﬀness of the substrate. At some interfaces, dislocations may be able
to pass through the interface relatively easily, at other interfaces dislocations may be
able to glide along the interface. Here we focus on interfaces that are elastic and are
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eﬀective in blocking slip both across and along the interface. Moreover, we conﬁne
attention to single crystal ﬁlms.
Dislocation dynamics simulations of plasticity in single crystal thin ﬁlms [6, 7]
show a size-dependent response for ﬁlms thinner than roughly one micrometer.
Nicola et al. [7] attributed the size eﬀect mainly to the presence of a hard, ﬁlm
thickness-independent boundary layer at the ﬁlm–substrate interface, caused by dis-
location pile-ups. However, a Hall–Petch type scaling law with a coeﬃcient common
to the three ﬁlms considered was not found, suggesting that a thickness-independent
boundary layer is not the only cause of the size eﬀect. The high stress found in the
thinnest ﬁlm analysed by Nicola et al. [7], with h¼ 0.25 mm, was explained by
a diﬀerent hardening mechanism.
Due to the decreasing dimensions of microelectronic devices, there is growing
interest in the mechanical behaviour of thinner ﬁlms [8]. In this paper, continuing
from Nicola et al. [7], we carry out discrete dislocation simulations for ﬁlms with a
thickness ranging from 2 mm to 0.125 mm. In addition, we study the diﬀerence in
hardening between thin and very thin ﬁlms, as found in the simulations, through a
simpliﬁed analysis of how the dislocation structure is related to the ﬁlm stress state.
The simulations show that there is a material-dependent threshold thickness below
which the size eﬀect is solely determined by the capability of Frank–Read sources to
operate in a constrained geometry. Only above this threshold thickness, is the size
eﬀect due to the thickness-independent boundary layer.
2. Observations from simulations
The evolution of stress in single crystal thin ﬁlms on a rigid substrate under thermal
loading is simulated using discrete dislocation plasticity. The ﬁlm is modelled in two
dimensions with plane strain conditions imposed in the out-of-plane direction
(see ﬁgure 1). The single crystal is assumed to be perfectly bonded to a semi-inﬁnite
substrate. Stress develops due to thermal mismatch between ﬁlm and the substrate.
The stress in the ﬁlm is partially relaxed by the glide of edge dislocations that
nucleate from sources in the ﬁlm and glide on three sets of slip systems. Possible
dislocation nucleation from the interface is not included in the model, nor is disloca-
tion climb which may occur at high temperatures. We also do not consider partial
dislocation absorption or transmission at the interface, but for comparison purposes
we present results for an interface that allows for complete dislocation transmission.
Details of the method, including constitutive rules, and the problem formulation are
given in Van der Giessen and Needleman [9] and in Nicola et al. [7].
We present results for ﬁve ﬁlms of thickness h¼ 2 mm, 1 mm, 0.5 mm, 0.25 mm, and
0.125 mm. The single crystal contains three slip systems at 60 relative to each other.
The discussion mainly focuses on crystals with the set of slip plane orientations
(60)¼ {0, 60, 120} but we also consider crystals with the set of slip plane orienta-
tions (30)¼ {30, 90, 150}. The simulations start from a stress-free and dislocation-
free conﬁguration. The ﬁlm contains a random distribution of 60 sources/mm2.
The nucleation strength nuc of each source is randomly taken out of a Gaussian
distribution with average nuc¼ 50MPa and standard deviation 10MPa. A disloca-
tion dipole is generated from the source when the resolved shear stress at the source
exceeds the nucleation strength during a given time tnuc¼ 10 ns. The elastic proper-
ties of the ﬁlm are assumed to be isotropic with Young’s modulus E¼ 70GPa
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and Poisson’s ratio ¼ 0.33, and are taken to be the same as those of the substrate.
During cooling from the stress-free state at 600K, the stress in the ﬁlm is driven
by the thermal strain "th¼(1þ )T arising from the mismatch, ¼
19 106K1, between the coeﬃcients of thermal expansion of the ﬁlm and the
substrate.
Figure 2 shows the evolution of the average stress in the ﬁlm, h11if , during
cooling. For comparison purposes, a curve is also shown for a ﬁlm for which the
interface with the substrate is penetrable for dislocations. After an initial elastic
response, the ﬁlms reach their yield point, which is determined by the weakest source
present in the ﬁlm. With increasing thermal loading, nucleation occurs at other










Figure 1. Geometry of the ﬁlm–substrate problem studied in this paper. A unit cell of
















Figure 2. Average stress in the ﬁlm, h11if , versus temperature T for ﬁlms with various
thicknesses. Between T  530K and the ﬁnal temperature, T¼ 400K, the curves have been
ﬁtted to straight lines using a standard least-squares algorithm.
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eﬀective in all ﬁlms until a temperature of around 530K is reached. For the ﬁve ﬁlms
with an impenetrable interface, there is a size eﬀect, but it is not as pronounced as
during the subsequent cooling. For T<530K the thinnest two ﬁlms with an impene-
trable interface harden linearly with an increased slope and the size eﬀect becomes
more evident. The increased slope arises from the formation of dislocation pile-ups
at the ﬁlm-substrate interface that inﬂuence relaxation by inducing a back stress, as
discussed by Nicola et al. [6, 7] and as also seen in the more recent three-dimensional
simulations by Von Blanckenhagen et al. [10]. This hardening is essentially kine-
matic, leading to a strong Bauschinger eﬀect in thermal cycling [11] as observed
experimentally by, e.g., Shen and Ramamurty [12].
For a ﬁlm with h¼ 0.5 mm which has a penetrable interface with the substrate,
dislocations can pass through the interface where they are absorbed into the sub-
strate, leaving displacement steps at the interface. In this case, plastic ﬂow continues
with the average stress remaining essentially constant at the yield stress. Once
nucleated, dislocation pairs glide until one dislocation leaves the ﬁlm from the free
surface and the other enters the penetrable interface. Dislocations do not accumulate
in the ﬁlm as for ﬁlms with an impenetrable interface, and therefore there is no back
stress, no hardening and no size eﬀect.
Figure 3 shows the variation in stress 11 averaged along the x1 direction over
the ﬁlm height. This average is denoted by h11i and is uniform in the ﬁlm with a
penetrable interface with the substrate. All other ﬁlms exhibit a boundary layer
where h11i increases near the ﬁlm–substrate interface and an almost homogeneous
stress state in the rest of the ﬁlm.
The line indicating the stress proﬁle in the ﬁlm with a penetrable interface inter-
sects the curves for the three thicker ﬁlms. We take this intersection as the separation
point between the boundary layer and the zone of homogeneous stress in these ﬁlms






















Figure 3. Distribution of the average in-plane stress h11i over the ﬁlm height in ﬁlms with
an impenetrable interface. The result for a h¼ 0.5 mm ﬁlm with a penetrable interface is shown
for comparison.
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as the zone next to the free surface, where h11i is constant (and denoted by h11ib),
and the boundary layer as the zone close to the interface were there is a stress
gradient. While the three thicker ﬁlms have approximately the same value of stress
in the bulk (h11ib 80MPa), the bulk stress level in the two thinner ﬁlms is much
higher (h11ib¼ 145MPa for the ﬁlm with h¼ 0.25 mm and h11ib¼ 245MPa for
the ﬁlm with h¼ 0.125 mm). The boundary layer thickness, hl, is approximately the
same in the two thicker ﬁlms (hl¼ 0.25 mm), but is smaller in the two thinner ones
(hl 0.1 mm for h¼ 0.25 mm and hl 0.05 mm for h¼ 0.125 mm). The thinnest ﬁlm
considered is actually thinner than the boundary layer in the thicker ﬁlms.
Figure 4 shows the stress state reached at T¼ 400K and the corresponding
dislocation distribution for the ﬁlms with h¼ 0.5 and 0.125 mm. Black dots indicate
the positions of Frank–Read sources (recall that their density is independent of h).
The stress is normalized by the elastic stress
n ¼
E
ð1 2Þ "th ¼ 
ET
ð1 Þ
which, for T¼200K, is n¼ 397MPa for the chosen material parameters. From
a given range of contour levels, a comparison can be made between the stress state in
the two ﬁlms, with two diﬀerently stressed regions seen in the thicker ﬁlm. But, of
course, a quantitative measure of the size and intensity of the boundary layer cannot
be obtained directly from these contour plots.
The analysis of the dislocation structure at T¼ 400K gives a better understand-
ing of the stress proﬁles in ﬁgure 3. What is common to the two ﬁlms in ﬁgure 4 is
that dislocations have piled up against the ﬁlm–substrate interface and that only the
slip planes at 60 and 120 have been active. The main diﬀerences between the
dislocation structures in the two ﬁlms are the dislocation density and the density
and length of the dislocation pile-ups. These quantities are listed in table 1, together
with the average stress in the ﬁlms and the stress in the ﬁlm bulk. The dislocation
density for the three thicker ﬁlms (h¼ 2 mm, 1 mm and 0.5 mm) is inversely propor-
tional to the ﬁlm thickness but for the two thinner ﬁlms the dislocation density does
(a)
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σ11 /σn
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Figure 4. Distribution of dislocations (?) and sources (.) in ﬁlms with thickness (a) h¼
0.125mm and (b) h¼ 0.5 mm at ﬁnal temperature, T¼ 400K, superimposed on contours of 11.
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not correlate with ﬁlm thickness. In the thinner ﬁlms fewer dislocation dipoles have
been available to relax the stress, explaining the higher average stress in these
ﬁlms (see also Nicola et al. [7]). The reduced nucleation activity in the very thin
ﬁlms is caused by the proximity of the dislocation sources to the ﬁlm–substrate
interface: the length of dislocation pile-ups is limited by the distance between the
point source and the interface. The longest pile-up in the ﬁlm of thickness h¼ 1 mm
is 0.25 mm; obviously such a long pile-up cannot form in a ﬁlm with h¼ 0.125 mm.
In addition, sources that are very close to the interface, and thus to the dislocation
pile-ups, are aﬀected by the back stress associated with the pile-ups, which delays
the nucleation events [7]. The back stress on a nucleation source close to the interface
is mainly caused by the pile-up generated by the source itself. In section 3 we
analyse in more detail how the dislocation structure is related to the stress state in
the ﬁlm.
3. Characterization of stress state
3.1. Stress state in the ﬁlm bulk
As shown in ﬁgure 3, the average in-plane stress at ﬁnal temperature, T¼ 400K, in
the bulk of all ﬁlms is homogeneous and lower than the elastic stress, n¼ 397MPa.
The stress in the bulk has been relaxed by the glide of dislocation dipoles during the
thermal history. One dislocation out of each dipole has left the ﬁlm through the free
surface but the other is still in the ﬁlm, piled up against the interface. The density of
dislocations that have contributed to the relaxation of the ﬁlm is therefore known
from the ﬁnal dislocation density.
Stress relaxation is mainly given by dislocation glide on the slip planes with
¼ 60 and ¼ 120. Dislocation activity on the slip planes parallel to the interface
is very limited, since their Schmid factor is zero. Figure 5a gives a schematic repre-
sentation of the relaxation process: opposite signed dislocations move on the slip
planes, one towards the free surface, the other towards the interface with the sub-
strate. The groups of piled-up dislocations in ﬁgure 5a can be approximated by two
parallel arrays of dislocations, each having Burgers vector of length bcos but in one
array pointing in the x1 and in the other array in the x1 direction.
The stress ﬁeld of a single array of bcos with Burgers vector in inﬁnite
space (see ﬁgure 6) can be calculated analytically (for the complete derivation
Table 1. Features of the results for single crystal ﬁlms with the slip plane set  (60)¼ {0, 60,
120} for various ﬁlm thicknesses.
h (mm) 0.125 0.25 0.5 1 2
Average stress h11if (MPa) 253 167 113 96 90
Bulk stress h11ib (MPa) 245 147 82 82 78
Dislocation density  (mm2) 124 102 64 33 16.5
Pile-up density p (mm
2) 56 40 18 8 4.5
Max pile-up length (mm) 0.045 0.115 0.221 0.250 0.312
Boundary layer thickness hl (mm) 0.05 0.13 0.250 0.245 0.245
Bulk stress b (MPa) from equation (4) 246 150 87 87 77
Interface stress int (MPa) from equation (6) 330 300 310 319 310
1512 L. Nicola et al.





cosh 2p cos 2p 2 sinh 2pþ 2p
1 cos 2p cosh 2p
cosh 2p cos 2p
 
, ð1Þ
where d is the spacing between dislocations, and ¼X/d and ¼Y/d are local
coordinates of the point were 11 is calculated (see ﬁgure 6). This stress, averaged
over  for any value of >0, is
h11iðÞ ¼ 
Eb cos
2dð1 2Þ : ð2Þ
The eﬀect of the array near the free surface is the same, so that the average stress
between the two arrays of dislocations in ﬁgure 5b is given by
d ¼ 
Eb cos
dð1 2Þ : ð3Þ
On average, the eﬀects of the two arrays outside the band cancel. If the dislocation
arrays are moving in a ﬁlm, the stress state in the part of the ﬁlm where glide has
already occurred is nþ d and in the rest of the ﬁlm it is just the elastic stress n.
The relaxation process is complete when one of the arrays reaches the interface and
the other the free surface. Then the bulk comprises the entire ﬁlm and the average
stress is b¼ nþ d everywhere in the ﬁlm, i.e.
b ¼ n 
Eb cos 
dð1 2Þ ¼ n 
hEb cos
ð1 2Þ ð4Þ
where  is the density of dislocations inside the ﬁlm.
The same result can be obtained by considering each dislocation at the interface





Figure 5. (a) Schematic representation of dislocations gliding on slip planes ¼ 60 and
¼ 120. (b) Dislocation structure equivalent to the one in ﬁgure (a), obtained by composing
the dislocation Burgers vectors; the Burgers vector of each dislocation in the array is bcos.
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by inserting an array of such half planes at a spacing d is "p¼ bcos/d. This strain




ð1 2Þ "th  "p





which, with ¼ 1/hd, is identical to equation (4).
Comparison between the values of b obtained from equation (4), using the
values of  from the simulations, and h11ib computed during the simulations
shows very good agreement (table 1). We conclude that the density of dislocations
in the quantity h together with the orientation of the Burgers vectors is suﬃcient to
determine the average stress state in the ﬁlm bulk. In table 1, the value of h is
32 mm1 for the thicker ﬁlms, and only 26 mm1 and 16 mm1 for the two thinnest
ﬁlms. As mentioned previously, suﬃcient dislocations are not nucleated in the
thinner ﬁlms to relax the ﬁlm bulk.
3.2. Stress state in the boundary layer
By comparing ﬁgure 3 and ﬁgure 4 it can be seen that the size of the boundary layer
is determined by the length of the dislocation pile-ups (see also table 1). The value of
h11i(x2) is maximum at the interface, where the lead dislocations of the pile-ups are
located. At the interface, the eﬀect of these dislocations is dominant. The dislocation
array formed by the lead dislocations of all pile-ups produces a stress state that can
again be described by equation (3). The stress at the interface is calculated as
int ¼ n 
phEb cos
ð1 2Þ ð6Þ
where the pile-up density p is the number of dislocations that are located exactly at
the interface divided by the cell area hw.
The values, calculated using equation (6) (listed in table 1), are somewhat larger
than the values in ﬁgure 3 because the stress in that ﬁgure is not calculated exactly at
the interface, but through integration points close to the interface. The stress rapidly
decreases with distance from the interface until it reaches the bulk stress. The stress
gradient is not constant in the boundary layer, but decreases as the bulk is
approached, where only the last dislocations of a few long pile-ups contribute to it.
Dislocation pile-ups are shorter in the ﬁlms thinner than the threshold thickness, so








,x2(        )
Figure 6. Inﬁnite array of edge dislocations spaced by d.
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boundary layer thickness is reduced for these thinner ﬁlms, the average stress, both
in the boundary layer and in the bulk, is higher than in the ﬁlms thicker than the
threshold ﬁlm thickness. For ﬁlms thinner than the threshold ﬁlm thickness, the
strengthening mechanism is not a boundary layer eﬀect.
3.3. Validity of the Hall–Petch relation
First focus attention on the thicker ﬁlms, h 0.5 mm, and assume a relation of the
form
 ¼ 0 þ khn, ð7Þ
where  is the ﬁlm average stress. Then, take 0¼ b 80MPa, since the thicker
ﬁlms have a similar stress state in the bulk. The exponent n is readily determined
by considering the ratio of the values  – 0 for h¼ 1 mm and 0.5 mm using the values
of hif from table 1 for  in equation (7). This yields n¼ 1, and subsequently
we obtain k¼ 16MPa mm. As a check, using these parameter values, equation (7)
predicts ¼ 88MPa for the ﬁlm with h¼ 2 mm, which is very close to the value
of hif ¼ 90MPa obtained from the simulation (see table 1).
Alternatively, the average stress in the ﬁlm can be seen as the weighted sum of the








where l and hl indicate the boundary layer average stress and the boundary layer
thickness, respectively. Equation (8) can be rewritten in the form of equation (7) as
 ¼ b þ ðl  bÞhl=h, ð9Þ
so that k(l – b)hl and n¼ 1.
Equation (9), which is essentially a rule-of-mixtures relation, holds for ﬁlms of
any thickness. It can be regarded as the Hall–Petch type relation, equation (7), with
n¼ 1 when the coeﬃcients are independent of the ﬁlm thickness, which, in our
analyses, only holds if the ﬁlm thickness exceeds a material-dependent thickness.
For the three thicker ﬁlms analyzed here, k and 0 b in equation (7) are constant
and can be considered material parameters. On the other hand, for thinner ﬁlms, k
and 0 b depend on the ﬁlm thickness: the stress levels in the bulk and in the
boundary layer increase with decreasing ﬁlm thickness, while the thickness of the
boundary layer decreases. Thus, for these thinner ﬁlms a Hall–Petch type relation no
longer holds.
The values of the ﬁlm thickness, above which the ﬁlms will behave according to
equation (7) with a constant k and b, depend on all parameters which aﬀect the
dislocation density in the ﬁlms, such as the density and strength of the nucleation
sources.
4. Crystal orientation
The response of a single crystal depends on its orientation. Figure 7 shows the stress
proﬁles for simulations of four ﬁlms having thicknesses ranging from 0.125 mm to
1 mm and slip plane orientations (30)¼ {30, 90, 150}. Table 2 summarizes features
of the results.
Hardening mechanisms in single crystal ﬁlms 1515
Comparison of tables 1 and 2 reveals that the average and bulk stress in the
single crystals with the slip planes set (30) is lower than in the crystals with the slip
plane set (60). Nevertheless, the dislocation densities for the (30) ﬁlms are lower
than those in the (60) ﬁlms. Thus, with slip planes oriented at {30, 90, 150} a
dislocation density lower than that in a crystal with slip planes oriented at {0, 60,
120} is needed to give the same relaxation. For ﬁlms thicker than the threshold
thickness, this can be rationalized through equation (4): cos is larger for ¼ 30
than for ¼60. Due to the diﬀerent inclination of the slip planes, the same length of
dislocation pile-ups gives a thinner boundary layer for the slip plane orientation set
(30) than for the slip plane orientation set (60).
Particularly interesting is the behaviour of the ﬁlm with thickness 0.25 mm.
In section 3.3, it was seen that for this ﬁlm thickness a Hall–Petch type relation
equation (7) was not followed with the slip plane set (60) because of insuﬃcient
dislocation nucleation. With the slip plane set (30), however, fewer dislocations are
required for stress relaxation in the ﬁlm. Hence, for (30) the ﬁlm with h¼ 0.25 mm
does not deviate from the behaviour described by equation (7). However, in the bulk
of the thicker ﬁlms with slip plane set (30) the stress magnitude is approximately the
same as in the crystal with (60) (b 80MPa), even though there is more scatter in
the results. The constants k and n in equation (7) can be regarded as depending on
orientation, and therefore have a diﬀerent value with slip planes oriented at {30,
90, 150}. Retaining the (60) value n¼ 1, we obtain a least-squares ﬁt to the (30)
data for k ¼ 10:6MPamm and 0¼ 72MPa. With these values, equation (7) gives
¼ 84MPa, 93MPa and 114MPa for the ﬁlms with h¼ 1 mm, 0.5 mm and 0.25 mm,
respectively. However, n ¼ 0:5 and k ¼ 10MPamm0.5 in (7) yield  ¼ 90MPa,
94MPa and 100MPa for the same thickness when 0 ¼ 80MPa. In either case the






















Figure 7. Distribution of the average in-plane stress h11i over the ﬁlm height in ﬁlms
having various thicknesses with the slip plane orientation set (30)¼ {30, 90, 150}.
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5. Concluding remarks
Stress relaxation of single-crystal thin ﬁlms of various thicknesses on a semi-inﬁnite
substrate has been simulated using discrete dislocation plasticity. The simulations
show that:
. if the ﬁlm-substrate interface is taken to be perfectly penetrable for disloca-
tions, the stress that the substrate imposes on the ﬁlm relaxes to a level that
depends only on the strength of the weakest nucleation source, independently
of the ﬁlm thickness;
. if the ﬁlm-substrate interface is impenetrable, stress relaxation is not as
eﬃcient as in ﬁlms with a penetrable interface, because dislocations cannot
glide through the interface, but pile-up against it, forming a boundary layer
characterized by a high stress gradient. The boundary layer is a transition zone
between the high stress state at the ﬁlm-substrate interface and the more
relaxed stress state near the free surface.
. There is a threshold thickness above which ﬁlms have a boundary layer with
thickness-independent size and average stress. The stress in the rest of the ﬁlm
is very low. Dislocation activity is as intense as in ﬁlms with a perfectly pene-
trable interface with the substrate, so that the stress relaxation in the ﬁlm bulk
is quite good and independent of the ﬁlm thickness. The size eﬀect in these
ﬁlms is caused by the fact that the size of the boundary layer does not scale
with the ﬁlm thickness.
. In ﬁlms thinner than a threshold thickness, which depends on the material and
on the crystal orientation, nucleation is hindered by a geometrical constraint,
i.e. the proximity of sources to the interface. The thinner the ﬁlm, the lower the
dislocation activity. Both the average stress in the boundary layer and the
stress in the ﬁlm bulk increase with decreasing dislocation density. The bound-
ary layer thickness depends on the length of the pile-ups and decreases with
ﬁlm thickness. So, with decreasing ﬁlm thickness the boundary layer becomes
thinner but the stresses both in the boundary layer and in the bulk of the ﬁlm
increase. The size eﬀect in these very thin ﬁlms is nucleation-controlled and is
more pronounced than in the thicker ﬁlms.
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